Abstract-For multiple-input multiple-output (MIMO) Rayleigh channels, it has been shown that transmitter correlations always degrade the performance of general space-time codes (STCs) in high signal-to-noise ratio (SNR) regimes. In this correspondence, however, we show that when MIMO channels experience single-keyhole conditions, the effect of spatial correlations between transmission antennas is more sophisticated for general STCs: When M > N (i.e., the number of transmission antennas is greater than the number of receiving antennas), depending on how the correlation matrix P beamforms the codeword difference matrix Δ, the pairwise error probability performance of general STCs can be either degraded or improved in high-SNR regimes. We provide a new measure, which is based on the eigenvalues of Δ and the numbers of transmission and receiving antennas, to examine if there exist certain correlation matrices that can improve the performance of general STCs in high-SNR regimes. Previous studies on the effect of spatial correlations over singlekeyhole channels only concentrated on orthogonal STCs, whereas our study here is for general STCs and can also be used to explain previous findings for orthogonal STCs. Simulations also show that the results are applicable with imperfect channel knowledge.
Performance of General STCs Over Spatially Correlated MIMO Single-Keyhole Channels

I. INTRODUCTION
It is well known that multiple-input multiple-output (MIMO) systems can achieve better spectral efficiency, without requiring extra power consumption and bandwidth expansion. In reality, however, individual antennas could be spatially correlated due to insufficient antenna spacing [1] . The effect of spatial correlation on general space-time codes (STCs) has been extensively studied for Rayleigh fading channels, and it has been shown that in asymptotically high signal-to-noise ratio (SNR) regimes, the transmission correlations always degrade the pairwise error probability (PEP) performance [2] , [3] , whereas only in the asymptotically low-SNR regimes, the transmission correlations may either improve or degrade the PEP performance [2] .
In MIMO channels, if the scattering environment is not so rich, it is demonstrated in [4] and [5] that the channels can experience keyhole conditions where the system only has a rank-1 MIMO channel matrix [6] - [16] . The interest in such keyhole channels has recently increased since they appear in some practically important propagation scenarios. A keyhole scenario where the separation between the transmitting and the receiving ends is due to the 1-D edge diffraction is given in [4] Fig. 1. Keyhole model: Each end has its own set of multipath components and is separated from the other end by a screen with a keyhole of small size (smaller than half a wavelength). Fig. 2 . Real-life scenario where keyhole conditions exist. Because the scatter rings are too small compared with the separation distance between the two rings, i.e., r 1 , r 2 d, the channel rank is low, and the channel behaves similar to a keyhole fading [5] .
and shown in Fig. 1 . The keyhole concept in [4] includes many real propagation scenarios. The outdoor model in [5] suggests the existence of a keyhole channel in a rich scattering environment, where the scattering rings around the transmitting and receiving antennas are small compared with the distance between the transmitting and receiving ends, as shown in Fig. 2 . The first experimental measurement of the keyhole channel has been conducted in [17] , where it was shown that the keyhole model describes wireless channels when the wave propagates via waveguides.
In addition to the keyhole effect, uncorrelated antennas can also affect the performance of MIMO communication systems. These correlations between the antennas are the result of insufficient physical separation between antennas and the angular spread and can be described as a correlation matrix. The effect of spatial correlation on the performance of STCs over the single-keyhole channel has only been investigated for orthogonal space-time block codes (OSTBCs). It was shown that for OSTBCs, the spatial correlations between transmission antennas always degrade the PEP performance [11] , [12] . Particularly, Yahampath and Hjorungnes in [11] investigated OSTBCs with linear precoding and showed that the correlations between transmission antennas can only degrade the performance in single-keyhole conditions. Whereas in [12] , Shin and Win used majorization relations of the correlation matrices to show that for OSTBCs, the correlations always degrade the PEP performance in multikeyhole conditions, and this result is also applicable to the single-keyhole case. However, when the STCs are not orthogonal, the effect of the spatial correlations on the PEP performance is still not clear in single-keyhole channels. In this correspondence, we address this issue. Instead of using majorization relations, which cannot be applied to nonorthogonal STCs in singlekeyhole channels, we provide a new measure to examine if there exists a certain correlation matrix that can improve the PEP performance of general STCs in single-keyhole channels. We will prove that, very different from orthogonal codes, when the number of transmission antennas is greater than the number of receiving antennas, the PEP performance of nonorthogonal STCs can be improved by the transmission correlations in single-keyhole conditions, even in the high-SNR regimes. This depends on how the correlation matrix P beamforms the code difference matrix Δ. The major results of this correspondence can be summarized as follows.
• In the high-SNR regimes, when M > N (the number of transmission antennas is greater than the number of receiving antennas), depending on how the correlation matrix beamforms the codeword difference matrix, the correlations can either degrade or improve the PEP performance. Particularly, we provide a new measure:
We can always find certain correlation matrices that can improve the PEP performance. We also provide one form of such matrices. • In the high-SNR regimes, when M ≤ N (the number of transmission antennas is smaller than or equal to the number of receiving antennas), the transmission correlations always degrade the PEP performance. It is worth mentioning that OSTBCs can never satisfy the condition in (1); therefore, the transmission correlations always degrade the PEP performance, which is consistent with the findings in [11] and [12] . The given results for MIMO single-keyhole channels are proved in Theorem 1 and Theorem 2.
Notations: In this correspondence, exp(·), Γ(·), and Q(·) mean the exponential function, the Gamma function, and the Gaussian Q-function, respectively;
, and trace(·) denote the expectation over the density of X, the conditional random variable of X given Y , the Frobenius norm of a matrix, the norm of a matrix, the magnitude of a complex number, the transpose, the conjugate transpose, the determinant, the rank, and the trace of a matrix, respectively; A . = B means that A is equal to B in the limit, and X ∼ Y means that X is identically distributed with Y .
II. CHANNEL MODEL
In the general MIMO channel, the signal model is given by
where the T × N matrix R represents the received signal, C is the T × M transmitted codeword matrix,γ is the average SNR, and W is the zero-mean additive circularly symmetric complex Gaussian noise matrix with size T × N , whose elements have unit variance per dimension. It is assumed that the channel state information (CSI) is perfectly known at the receiver and unknown at the transmitter. When the communication channel experiences the single-keyhole condition, the channel matrix H can be modeled by
where the elements of vector h, i.e., h m 's (n = 1, . . . , M), represent the normalized channel gains from M transmitting antennas to the keyhole; the elements of vector g, i.e., g n 's (n = 1, . . . , N), represent the normalized channels from the keyhole to N receiving antennas; and both h m 's and g n 's can be modeled as a complex Gaussian random variable with zero mean and unity variance. The M × M matrix P is the correlation matrix of the transmission antennas. When P = I (the identity matrix), the model given in (3) reduces to the case that transmitting antennas are spatially independent, as studied in [10] .
III. EFFECT OF TRANSMISSION CORRELATIONS
ON SPACE TIME CODE PERFORMANCE PEP, which is the probability of transmitting codeword C over T time slots and deciding in favor of another codeword C at the decoder, generally serves as design criteria for STCs. When signals transmit over a fading channel with channel matrix H, the codeword distance between C and C is defined by the random variable ΔH F , where Δ Δ = C − C is the codeword difference matrix, and · F is the Frobenius norm. The PEP of a Gaussian noise channel can be evaluated by averaging the density of ΔH F over the Q-function as
Using an alternative representation of the Q-function, we have
To find the PEP, we reconsider the codeword distance, i.e.,
It is clear that when spatial correlations present between the transmission antennas, the codeword difference matrix Δ is modified by the correlation matrix P and becomes
Therefore, the single-keyhole channel with transmission correlation P and codeword difference matrix Δ can be viewed as the single-keyhole channel with spatially independent transmission antennas and codeword difference matrix Δ . With the given observation, the asymptotic form of PEP for a single-keyhole channel with correlation matrix P can be obtained by using the result for independent transmission antennas over the single-keyhole channel given by [10] : We only need to replace the eigenvalues of Δ by Δ for the PEP expression. For distinct ρ i 's, the asymptotic PEP is obtained as
For identical ρ i 's, we have
where ρ i 's are the eigenvalues of P (H/2) Δ H ΔP (1/2) , and
.
Although the asymptotic PEP for correlated transmission antennas has been obtained, our main concern, i.e., how the transmission correlation P affects the performance of STCs, is still not clearly answered, particularly for the case that M > N. In fact, from the expressions in (8) and (9), there is no clue about this. The major work of this correspondence is to address this issue.
To investigate the effect of transmission correlations on the PEP performance, we first present the following facts and inferences about the correlation matrix P and the code difference matrix Δ, let λ i 's denote the eigenvalues of Δ H Δ. Let ν i 's denote the eigenvalues of P and ρ i 's denote the eigenvalues of
where ν i 's are the eigenvalues of P. This is because the total transmission power is fixed.
This is from the fact that det(
In this correspondence, it is assumed that the code construction achieves full rank, i.e., R(Δ) = M . We now start to analyze the effect of correlations on the PEP performance. We consider the cases that M ≤ N and M > N separately.
A. More Transmission Antennas Than Receiving Antennas: M > N
In this case, we first provide the following lemma.
. . , M} be a set of independent and identically distributed random variables and Y be another random variable that is independent with X i 's, then we have
where f (·) is a convex function. The equal sign holds when λ i =λ for all i ∈ {1, 2, . . . , M}. Proof: To prove (12), we first prove that (12) holds for any fixed value of Y , i.e.,
where y is any possible value that the random variable Y can take. It is easy to see that (13) implies (12).
We define
Based on the form of X, it is easy to see that the conditional random variables X i |X, i ∈ {1, . . . , M}, are identically distributed, which implies
Therefore
Since f (·) is convex, by Jensen's inequality, we have
and consequently, (12) holds. Now, we present the main result for the effect of correlations on the PEP performance when M > N.
Theorem 1: In the MIMO single-keyhole channels, when M > N, if we can find some integer L between 1 and
then there always exist certain correlation matrices that can improve the PEP performance in the asymptotic high-SNR regimes. Here, 0 ≤ λ 1 ≤ λ 2 ≤ · · · ≤ λ M are the eigenvalues of Δ H Δ in ascending order, andλ is their average.
Proof: When the transmission antennas are independent, we have
Since the exponential function is convex for real numbers, by applying Lemma 1, we have
which implies that when the transmission antennas are independent, the PEP can be bounded as follows:
Now, suppose that the eigendecomposition of Δ H Δ is UVU H , we consider the following class of correlation matrices for which P (1/2) has singular value decomposition as
where D is a unitary matrix, and the diagonal matrix S with S i,i = ν i satisfies the power constraint:
where
for all ρ i 's. Now, we can have a correlation matrix P such that
If we pose another constraint on ν i such that the nonzero eigenvalues of P (H/2) Δ H ΔP (1/2) are identical, i.e.,
we have
In high-SNR regimes, the PEP with respect to (21) holds, i.e., the correlation matrix P defined in (25) improves the PEP performance.
B. Same or Less Transmission Antennas Than Receiving Antennas: M ≤ N
Now, we consider the case that the number of transmission antennas is the same as or less than the number of receiving antennas, i.e., M ≤ N .
Theorem 2: In the MIMO single-keyhole channels, when M ≤ N , the spatial correlations between transmission antennas always degrade the PEP performance in the high-SNR regimes.
Proof: If P is rank deficient, because we assume that Δ H Δ is full rank, we have
From the PEP given in (8), we can see that this will result in a reduction of the diversity order; hence, the PEP performance is degraded. If P is of full rank, it means
ν i = 0, and by applying the arithmeticmean-geometric-mean inequality, we have 
Note that the equality only holds when P is an identity matrix. Therefore, the PEP is always degraded by transmission correlations for the case that M ≤ N .
C. Examples and Simulations
Here, we provide an example and perform Monte Carlo simulations for Theorem 1 and Theorem 2.
Example: We consider some pair of codewords for which
The eigenvalues are λ 1 = 0.1, λ 2 = 2.9, and λ 3 = 3. Suppose there are three transmission antennas (M = 3) and one receiving antenna (N = 1), then there exists an L = 1 such that
By Theorem 1, there exist some correlation matrices that can improve the PEP performance. One of such matrices can be given by where
and u 1 , u 2 , and u 3 are the eigenvectors of Δ H Δ. From the simulations, we can see that the transmission correlations defined by P 1 can bring about 1.5-dB gains for the PEP performance, as shown in Fig. 3 . Now, we consider another correlation matrix P 2 that has the same eigenvectors as that of P 1 but different eigenvalues: ν 1 = 1.8, ν 2 = 0.7, and ν 3 = 0.5. Thus
For this correlation matrix P 2 , which does not satisfy the new measure given in (21), we can see that the transmission correlations degrade the PEP performance, as shown in Fig. 4 . Now, we keep everything unchanged except that there are four receiving antennas (N = 4). By Theorem 2, all the correlation matrices are expected to degrade the PEP performance in the high-SNR regimes, and this is confirmed in Fig. 5 : Both P 1 and P 2 degrade the PEP performance.
It is worth mentioning here that when the STC is orthogonal (i.e., all the eigenvalues of Δ H Δ are identical), Theorem 1 will never be satisfied since Lemma 1 implies that the transmission correlations always degrade the PEP performance for orthogonal codes, which is consistent with the results in [11] and [12] , where majorization was used to show this property for orthogonal codes in the MIMO singlekeyhole channel. In Table I , we compare the effects of transmission correlations on PEP performances for the single-keyhole and Rayleigh channels. We can see that transmission correlations play different roles on the PEP performances in the two types of fading channels.
D. Imperfect Channel Knowledge
In practice, CSI needs to be estimated before decoding, and usually, the estimated CSI is imperfect. Such imperfect channel estimation could affect the performance of STCs. Therefore, it is of interest to investigate whether the PEP performance will still be improved by the correlation matrix defined in Theorem 1 when the channel estimation is imperfect.
In [18] - [20] , a framework was provided for studying the effects of imperfect channel knowledge for the Rayleigh fading. For the case that the channel fading is keyhole, our analytical derivations show that the closed form is not trackable; hence, here, we provide the simulation result for the keyhole fading case when channel knowledge is imperfect. In the simulations, the maximum-likelihood channel estimator is employed, and 10 and 30 pilots are used. From the simulation results shown in Figs. 3-5, we note consistent observations for cases with perfect and imperfect channel knowledge, i.e., Theorem 1 and Theorem 2 are still applicable for the case of imperfect channel estimation.
E. Real-Life Scenarios and Interpretation
Theorem 1 states that in the keyhole propagation scenarios, the insufficient separation of antennas can surprisingly improve the performance of STCs, even in the high-SNR regimes. Such a scenario does exist in real world. One example propagation scenario is shown in Fig. 2 , where both the transmitting and the receiving ends have rich scattering environments; however, the scattering rings around the transmitting and receiving antennas are small compared with the distance (the narrow pipe) between the transmitting and receiving ends (i.e., r 1 , r 2 d). This propagation scenario can be modeled as a keyhole channel given in Fig. 1 . In addition, if the physical separation between the antennas is less than half a wavelength, we can describe the correlations between antennas by the correlation matrix P. The small scatter rings together with the insufficient separation between transmitting antennas will lead to the channel model described in (3) .
In real world, by Theorem 1, insufficient antenna separation may lead to a rank-deficient correlation matrix, which is highly likely to improve the PEP performance of some STCs in the keyhole fading when M > N. Consider the codeword difference matrix Δ given in (36), which has three eigenvectors as shown in Fig. 6 , where the length of each eigenvector represents its corresponding eigenvalue. The rank-deficient correlation matrix P 1 in (39) (also shown in Fig. 6 ) eliminates the shortest eigenvector of Δ, strengthens the other two eigenvectors, and will eventually lead to an improved PEP in the propagation environment in Fig. 2 when M = 3 (base station end) and N = 1 (mobile end). In fact, Theorem 1 tells us that if some eigenvalues of Δ are sufficiently small when compared with the remaining eigenvalues, insufficient separation of transmitting antennas has a good chance of improving the PEP performance in the propagation environment in Fig. 2 when M > N. It is worth mentioning here that when the channel fading is ideal (i.e., Rayleigh fading), the situation shown in Fig. 6 will degrade the PEP performance instead of improving it in high-SNR regimes.
IV. CONCLUSION
In this paper, we have investigated the effect of transmission correlations on the PEP performance of general STCs over single-keyhole channels. We proved that, in the asymptotically high SNR regimes, when M ≤ N , the transmission correlations always degrade the PEP performance; when M > N, depending on how the correlation matrix P beamforms the codeword difference matrix Δ, the PEP performance of general STCs can be either degraded or improved. This property of the MIMO single-keyhole channel is more sophisticated than that of the MIMO Rayleigh channel. We also provided a new measure in (21) to examine if there exist certain correlation matrices that can improve the performance of general STCs in high-SNR regimes, and we provided one form of such matrices if applicable. Our new measure on the general STCs can also be used to explain previous findings for OSTBCs. Our simulation results showed that the derived theorems are also applicable when the channel estimation is imperfect.
